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Amethodbased onpassive linear stabilitymeasurement has beendeveloped to investigate combustiondynamics in

hybrid rocketmotors. A one-dimensionalmodel is used to describe the acousticmotions inside the rocket chamber as

a function of the motor axial coordinate. The equations of mass, momentum, and energy are solved for the average

flow. A linearized analysis, which takes combustion response functions into account, provides pressure and velocity

acoustic oscillations. When the boundary conditions at the nozzle inlet are enforced and the response functions are

known, the acoustic modes and growth constant can be derived, whereas the coupled responses can be determined

from the experimental measurement of the mode frequencies. If noise sources in the control volume are accounted

for, then it is theoretically possible to determine the response functions at all frequencies simply by measuring the

pressure fluctuations at the head end of the motor. Experimental data are analyzed and contrasted to the proposed

one-dimensional model, showing a good agreement.

Nomenclature

A = port area
ASN = short-nozzle admittance
a = sound speed
B = matrix of coefficients, Eq. (17)
C = vector of coefficients, Eq. (18)
Cp = constant pressure specific heat
Cv = constant volume specific heat
D = vector of coefficients, Eq. (20)
E = matrix of coefficients, Eq. (22)
e = specific internal energy
f = frequency
hb = fuel heating value
i = imaginary unit
M = Mach number
Mi = nozzle inlet Mach number
_mb = fuel mass flow rate per unit length
P = burning surface perimeter
p = pressure
Q = matrix of coefficients, Eq. (16)
R = gas constant
Rp = regression rate pressure-coupled response
Rv = regression rate velocity-coupled response
T = temperature
t = time
u = velocity
ub = mass injection velocity
x = chamber axial abscissa
� = growth constant

� = coefficient
� = specific heat ratio
�s = isentropic exponent
� = noise level
� = density
�b = solid fuel density
! = angular frequency

Superscripts

0 = fluctuation
^ = fluctuation wave shape
� = average

I. Introduction

H YBRID rocket motors display a more stable combustion
behavior when compared to solid or liquid propellant rockets.

Based on past experience, catastrophic instabilities are not expected
to occur, but requirements related to mission, attitude control,
payload, and vehicle structure limit the allowable thrust oscillations;
a better understanding of combustion process and related instability
is therefore desirable. Recent studies seem to be mainly devoted to
low-frequency instability, because this is the most common com-
bustion instability that has been experienced during firing tests [1],
in the form of limit cycle oscillations. Low-frequency instability
has been verified to be usually accompanied by the excitation of
longitudinal acoustic modes. In particular, acoustic modes are driven
if a radial injector is employed, whereas an axial one has provided
stable combustion in all the experimental tests [2]. Also, techniques
have been developed that use Helmholtz oscillations to determine
ballistic parameters such as the regression rate of the fuel grain [3].
In this context, improved techniques that allow for an accurate
prediction and minimization of high-frequency pressure oscillations
inside the combustion chamber of hybrid rockets have been sought;
they could also be used to improve the knowledge of the combustion
process.

Combustion instability of solid and liquid systems has been
studied extensively, and many investigation methods have been
proposed and applied. One of these methods is the passive linear
stability measurement (PLSM), proposed by Hessler [4], which,
according to Culick [5], corresponds to system identification. This
experimental method, which was the subject of considerable work
and discussion in the past, would allow for the determination of the
stability margin of a solid rocket motor without introducing external
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disturbances. The PLSMmethod is based on the fact that, due to the
presence of forcing terms, small pressure oscillations exist at any
mode frequency, although themode considered is a stable one. These
pressure oscillations are either damped or amplified, depending on
the acoustic characteristics of the particular mode considered and the
coupling between the acoustics of the combustion chamber and the
forcing terms. The relation between the acoustic properties of the
chamber, the forcing functions, and the acoustic energy gain/loss
mechanisms can be expressed in terms of coupling integrals. Thus,
two different approaches to the problem can be envisaged. If the
coupling integrals, the energy gain/loss mechanism, and the forcing
functions are known, either theoretically or from experimental
measurements, it is possible to predict the behavior of the pressure
oscillation inside the rocketmotor.On the other hand, it is in principle
possible to determine the forcing functions and the gain/loss
mechanisms of acoustic energy by measuring the pressure oscilla-
tions inside the chamber during normal operation of a rocket motor
and from the knowledge of the coupling integrals. The described
methodology has been successfully applied to the instability analysis
of solid rocket motors [6–8].

In the present article, this approach is extended to analyze the
combustion process in hybrid rocketmotors. Conservation equations
are rewritten to take into account the different combustion mechan-
isms with respect to solid propellant rocket motors. Specifically, gas
temperature and gas property variations along the grain axis are taken
into account. Then, with appropriate boundary conditions, these
equations are solved to determine the pressure fluctuations anywhere
along the chamber. The knowledge of the pressure fluctuations from
experimental measurements allows for the investigation of the
combustion process; experimental data have been analyzed and
contrasted to the results obtained using the proposed model. Results
show that the approaches classically used to analyze solid rocket
motor combustion can be profitably applied in the case of hybrid
rocket motors.

II. Experimental Results

Abrief description of the lab-scaled hybridmotor, test facility, and
data reduction technique is reported along with some experimental
results; more details can be found in [2,9]. A scheme of the motor is
shown in Fig. 1. Gaseous oxygen can be supplied by a reservoir of
eight cylinders at mass flow rates up to 0:3 kg=s. The oxygen mass
flow rate is derived bymeasuring the gas temperature (with a copper–
constantan thermocouple) and pressure at a section upstream of the
throat of a home-designed sonic venturi tube. Installing this device
wasmandatory to isolate the combustion chamber dynamics from the
rocket feed system, thus allowing us to consider the oxidizer mass
flow as constant, that is, independent of the pressure oscillations in
the combustion chamber. The combustion chamber is axisymmetric;
it is 720 mm long and has a 133 mm inner case diameter. Single port
fuel grains of high-density polyethylene (HDPE) or hydroxyl-
terminated polybutadienewere tested on themotor in a configuration
with either an axial or a radial injector [10,11]. In both cases, two
chambers were set up ahead and aft of the fuel grain; the precombus-
tion chamber is 65 mm long with an 80 mm diameter. When coupled
with the axial injector, it serves to shift toward the fore end of the
grain the strong recirculation region caused by the oxygen injection,
thus increasing the overall regression rate.When used with the radial

injector assembly, the prechamber instead serves as a dump plenum.
The aft-mixing chamber (75 mm long with a 90 mm diameter)
promotes further gas mixing at the exit of the fuel grain, thereby
improving the combustion efficiency. A water-cooled converging–
diverging nozzlewith a 16 mm throat diameter, 2.44 area ratio, made
of a copper alloy ensures long duration firings with no throat erosion.
Motor ignition was accomplished using an electrically driven
pyrotechnic cartridge.

Low-frequency chamber pressurewasmeasured by two capacitive
transducers, Setra model 280E, set up in the prechamber and in the
aft-mixing chamber. On the other hand, high-frequency pressure
oscillationswere obtained in the dump plenumusing a PCB®helium
bleed dynamic pressure gauge model 123 A, flush mounted on the
motor forward closure (see Fig. 1). The analog signals coming from
all the sensors were sampled at 10 kHz, digitally converted (16-bit
resolution), processed, and recorded by a National Instruments (NI)
SCXI system interconnected with a PC via an NI 6034 E PCI data
acquisition card. With this equipment and by using a dedicated
software developed in LabView 7, the motor is ignited and the firing
test is completely automated. All the signals are saved in a binary
format for postprocessing and, after down-sampling to 100 Hz (by
averaging the data), in text format. To remove the power line
interference at 50 Hz and its higher harmonics from the high-
frequency pressure data output by the PCB transducer, the fast
Fourier transform (FFT) of the data was performed; in doing that the
data were symmetrically zero padded to the next power of two and
windowed through a Hanning window with the purpose of minim-
izing the spectral leakage. The points of the amplitude spectrum at
the power line interference harmonics were substituted with an
average of the nearby points in the spectrum; then, the inverse FFT
was computed to give back the filtered signal in the time domain.
Then, pressure signals were bandpass filtered using a 1–4500 Hz
passband with the twofold aim of taking apart the slow varying
average pressure from the high-frequency signals and of eliminating
aliasing. Phase shift resulting from thisfiltering processwas removed
as follows: the signal was first filtered with increasing time and then
filtered back from the last point with decreasing time [12]. The
resulting data were analyzed with the short-time Fourier transform
(STFT) technique to map the oscillation amplitude over the joint
frequency-time domain.We recall that the STFTof the generic signal
x�t� is defined by the following relationship [13]:

STFT �t0; f� �
Z �1
�1

x�t�w�t� t0�e�i2�ft dt (1)

where w�t� is commonly referred to as a window function. STFT is,
then, a function of the frequency f and of the time instant t0, where
thewindow function is centered, and represents the Fourier transform
of the given signal around t0. The data were transformed using a
Gaussianwindowof a 2 s period and a time increment of 1 s, resulting
in 50% overlapped data, to give the spectrogram, that is, the squared
magnitude of the STFT.

Figure 2 shows the pressure spectrogram, normalized with respect
to the corresponding maximum amplitude, for the gaseous oxygen
and HDPE propellant combination. It is seen that the pressure
fluctuation spectrum exhibits a peak around 450 Hz, which
corresponds to the first longitudinal mode of the chamber. Additional
peaks are present at higher frequencies. As expected in the case of an

Fig. 1 Scheme of the lab-scaled hybrid motor.
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acoustic enclosure in which stochastic noise sources are present, the
pressure power spectrum is composed of several broad peaks
centered around the modal frequencies of the combustion chamber.

III. One-Dimensional Model

The one-dimensional model presented in a previous paper [8] is
here extended to deal with the peculiarities of the combustion of
hybrid propellants. The governing equations for one-dimensional
longitudinal waves were obtained starting from the conservation
equations of mass, momentum, and energy written for a constant
cross-sectional cylindrical chamber with mass injection from the
walls:
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The present formulation introduces some differences with respect to
models classically used for unsteady motions in solid rocket motors.
For the sake of simplicity, the combustion process in the port is
modeled by considering the heating of a perfect gas (p� �RT). The
variation of the gas composition along the grain axis is taken into
account. Themean specific heatCv � e=T is introduced and bothCv
and T vary along the grain length. Also, the energy addition from the
propellant combustion is represented by _mb�hb � u2b=2�.

Under the assumption that gas density is much lower than the solid
fuel density, 1 � �=�b � 1. The energy equation is multiplied by
R=Cv, the continuity equation byRT, and the resulting equations are
added to obtain an equation for pressure and velocity:
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A linear approach is adopted and each variable (except the gas
thermodynamic properties, which are assumed to be constant with
respect to time) is written as the sum of a time-averaged part plus a
fluctuation, which is assumed to be small compared to the average
quantities. For the average solution, the time derivatives are small and
can be neglected compared to the axial derivatives; therefore,
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which are further elaborated to obtain the derivative of the state
variables u, p, and � explicitly:
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where the ratio of the specific heats � � Cp=Cv � �Cv � R�=Cv and
the Mach numberM� u=

������������
�p=�

p
, which is defined using � instead

of the correct isentropic exponent �s, have been introduced to
simplify the notation. The varying gas temperature and properties
(molecular mass, gas constant, specific heat at constant pressure, and
isentropic exponent) are known in the prechamber and in the aft-
mixing chamber. A linear approximation is assumed to describe the
variation of R, �, and �s along the grain axis. Constant energy
addition along the grain length is also assumed, and the proper
constant value of hb is determined a posteriori to have the expected
temperature at the grain exit.

By linearizing the equations and subtracting the conservation
equation for average quantities, the following equations for pressure
and velocity fluctuations are obtained:
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It is assumed that the separation of variables can be applied so that
pressure, velocity, and injected mass fluctuations can be written as

p0 � p̂�x�ei!t; u0 � û�x�ei!t; _m0b � b_mb�x�ei!t (14)

where, in general, ! is a complex number. By substituting these
definitions into the preceding equations, assuming that the pressure
fluctuations are isentropic, that is,

�0 � p
0

a2
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�s �p= �p
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the following equations for the variables p̂�x� and û�x� are obtained:

Q�x� d
dx

û
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� �
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� C�x�b_mb (15)

where the coefficient matrices Q�x�, B�x�, and C�x� have the
following form:

Fig. 2 Normalized spectrogram of the head-end pressure.
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Fuel mass flow rate oscillations are supposed to be linearly related to
û and p̂:

b_mb �DT�x� û
p̂

� �
(19)

where, in analogy with the case of solid propellant, pressure- and
velocity-coupled response functions are introduced assuming their
effects to be additive [14,15]:

D�x� � _mb

Rv=a
Rp= �p

� �
(20)

Alternative formulations have also been proposed [16], in particular
to analyze nonlinear instability; these approaches are not considered
here.

With respect to the solid propellant case, themain difference is that
these response functions are not only related to the propellant itself,
but also to the peculiar hybrid combustion process in the boundary
layer. Equation (15) can be rewritten as
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with

E�x� �Q�1�x�B�x� �Q�1�x�C�x�DT�x� (22)

These equations cannot be solved analytically and are numerically
integrated once the proper boundary conditions are imposed.

The motor is composed of three constant cross-sectional elements
and the nozzle. The average variables equations can be solved for
each part of themotor separately; in particular, Eqs. (9–11) show that
the average quantities are constant in the prechamber and mixing
chamber, because _mb is null. The interaction between the different
motor parts is accounted for by enforcing appropriate boundary
conditions at the junction between two adjacent elements. The
impedance at the jth area change is neglected and only the mass and
energy conservation are taken into account to relate the quantities
after the discontinuity (subscript j�) to those before (subscript j�):

pj� � pj� �j�uj�Aj� � �j�uj�Aj�
Tj� � u2j�=�2Cp� � Tj� � u2j�=�2Cp� j� 1; 2 (23)

Boundary conditions at the motor head end and at the nozzle inlet
section must also be given. At the motor head end, a zero acoustic
velocity is enforced. The impedance of the nozzle can be estimated
by assuming that the short choked nozzle approximation holds true.
In this approximation the nozzle has only a damping effect on the
acoustic oscillations inside the chamber, that is, the imaginary part of
the nozzle impedance is equal to zero. Themagnitude of the damping
provided by the nozzle is a function of the flow Mach number at the
inlet of the nozzle and is given by
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u0

a
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p0
�Mi
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2

where the actual Mach number M� u=
�����������
�sR �T

p
appears. In certain

cases, this impedance may be not sufficiently rigorous to accurately
predict mode frequencies andmode shapes of a combustion chamber

[17]. In these cases, a fully three-dimensional analysis of the acoustic
motions inside the nozzle is necessary to evaluate the nozzle
impedance.

IV. Parametric Study

The knowledge of the average quantities and their derivatives,
along with the values of the regression rate, combustion gas
properties, and velocity and pressure-coupled response functions is
needed to solve the system of equations represented by Eq. (21).
Average pressure, velocity, and density and their derivatives with
respect to the axial coordinate are calculated according to Eqs. (9–
11). Test case 1-A in [9] has been selected as a reference case;
0:11 kg=s of oxygen enter the prechamber at 300K. The analysis has
been conducted 15 s after ignition, when the port area isA� 17 cm2,
the space-averaged regression rate is estimated to be 0:535 mm=s,
according to the procedure reported in [18], and the mean mixture
ratio is 2.37. The gas stagnation temperature at the nozzle inlet is
3555 K.

A parametric study was performed by changing the real and/or
imaginary part of each of the response functions while maintaining
the other fixed. If the boundary condition imposed by the nozzle is
not taken into account, and the real and imaginary parts of ! are
assigned, a simple forward integration of the equations, starting from
the head end, yields pressure and velocity wave amplitudes as a
function of the axial coordinate x. Figure 3 is an example of the
results obtained during this parametric study, assuming a real
frequency f� 1000 Hz, close to the second longitudinal mode, that
is, Re�!� � 2�f and Im�!� � 0. In agreement with results obtained
by other authors [14] in the case of solid rocket motors, the shape of
pressure waves is affected by the imaginary part of Rp and the real
part of Rv, whereas the other components do not significantly alter
the wave form.

When the nozzle admittance is considered and the boundary
conditions at the mixing chamber exit are imposed, the values of the
modal frequencies, that is, fn � Re�!�=2�, and the growth constant
of each mode, that is, ���Im�!�, can be found by solving the
corresponding boundary value problem (BVP). The BVP solution is
obtained numerically by means of a procedure based on Newton’s
method [19]. Tentativevalues are assumed for the unknownhead-end
pressure (real and imaginary parts) and are progressively corrected to
satisfy the prescribed boundary conditions. According to the present
formulation, the magnitude of the acoustic pressure at the head end
does not affect results and can be arbitrarily assumed.

The results presented in Figs. 4 and 5 show that the effect of the
velocity-coupled response function Rv on the frequency and growth
constant of the first longitudinal (L1) acoustic mode of the combus-
tion chamber is negligible. The phase angle between pressure and
velocity oscillation and the standing wave amplitude as a function of
the axis abscissa are only slightly influenced by Rv. The effect of the
pressure-coupled response function Rp on the growth constant
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and frequency of the chamber L1 mode is instead remarkable; the
imaginary part of Rp affects the standing wave amplitude and,
therefore, the mode frequency, while leaving almost unchanged the
mode growth constant; conversely, the real part of the pressure-
coupled response function modifies the phase angle between
pressure and velocity oscillation and has a large effect on the growth
constant �; note that the mode becomes unstable when � becomes
positive.

These results suggest that one can determine the pressure-coupled
response function by measuring the growth constant and the
frequency of the acoustic modes of the combustion chamber during
stable operation. Conversely, if the real part of the pressure-coupled
response function is known, the stability margin of the motor can be
determined.

V. Nonhomogeneous Formulation

Pressure measurements performed during stable operation of a
rocket motor reveal the presence of stochastic forcing noise sources
that appear in the pressure auto spectrum as non-null pressure oscill-
ations at any frequency. Thus, as far as the combustor dynamic
response is concerned, the rocket chamber can be thought of as com-
posed of an infinite series of damped oscillators driven by broadband
forcing terms. If these forcing terms are given and the combustor
response is measured, one can in principle derive the combustion
response function at any frequency. To determine the feasibility of
this approach, one shouldmeasure the nonacoustic forcing terms and
then quantify the combustor dynamic sensitivity to the response
function. The presence of forcing functions is taken into account
assuming that the right-hand term in Eq. (21) is not null, that is,

d

dx

û
p̂

� �
� E�x� û

p̂

� �
� F�x� (24)

The forcing term is assumed to consist of a perturbation of the solid

propellant mass flow rate equal to � _mb, expressed as a function of a
nondimensional noise level �. Therefore,

F�x� �Q�1�x�C�x�� _mb

If the nonacoustic terms are either measured or estimated, and Rp
and Rv are given, then one can determine the head-end pressure for
any given value of the angular frequency!. To establish whether this
approach allows for the extraction of information concerning the
combustion process, a sensitivity study was performed. If the
broadband noise value � is changed, the pressure oscillation levels
are roughly proportionally modified at any frequency. As far as the
response functions are concerned, the effects of Rv are negligible
with respect toRp as long as pressure- and velocity-coupled response
are of the same order of magnitude. The Rp imaginary part shifts the
frequency of the pressure peaks. On the other hand, the real part ofRp
acts on the magnitude of the pressure oscillation peaks in a peculiar
way: for low values of Re�Rp�, the low-frequency peaks are
augmented, whereas larger values of Re�Rp� increase higher mode
peaks. Figure 6 shows a comparison of the results obtained using
such an approach, assuming �� 3:4 � 10�4,Rv � 0� i0, andRp �
5� i4 to match the pressure oscillations that have been experi-
mentallymeasured. This diagram shows that the described numerical
approach can replicate the experimental results if the response
functions are properly chosen. The possibility therefore exists for
the deduction of combustion process behavior from dynamic
pressure measurements. Actually, previous works [20,21] suggest
that substantial errors may accompany system identification in the
presence of noise, depending on the particular application at hand.
Definite conclusions cannot be drawn yet on the basis of the present
results.

In the present case, the discrepancy in the determination of the
second longitudinal mode frequency may be possibly related to the
interaction of this mode with vortex shedding occurring in the aft-
mixing chamber, which is not accounted for in the present analysis.
Vortex shedding becomes relevant when the port diameter is close to
50 mm, that is, around 15 s after ignition, as discussed at length in
[2,9]. This phenomenon, in fact, may cause the shift of the second
mode frequency from about 900 to 1100 Hz, as shown in Fig. 2.
Other differences may be related to a possible dependence of the
response functions on the frequency and to the adopted short-nozzle
admittance, which is a suitable approximation when the length
of the nozzle convergent section is considerably shorter than the
wavelength of the oscillation and is therefore less accurate at the
higher frequencies.

VI. Conclusions

A classical approach used to analyze solid rocket motor
combustion instability has been successfully applied to hybrid rocket
motors. A one-dimensional analysis for determining the dynamic
combustion characteristics of hybrid rocket motors has been
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developed. Numerical results were compared to experimental pres-
sure measurements to gain information on the combustion process.
The theoretical model accounts for mass injection from the sidewalls
of the rocket chamber due to the combustion of the solid fuel grain
and the presence of a choked nozzle. If the presence of noise sources
in the control volume is neglected, then a classical acoustic problem
is obtained that allows for the determination of the growth constants
and frequencies of each acoustic mode. Conversely, if the growth
constants and frequencies of the acoustic modes are known, the
combustion response functions can be estimated at these same
frequencies. Moreover, it was shown that when the presence of the
nozzle was accounted for by imposing the appropriate boundary
conditions, the pressure-coupled response function was solely
responsible for changes of the growth constants and of the mode
frequencies.

When the presence of stochastic forcing terms is accounted for in
the equations, and the propellant response functions are known, the
pressure fluctuations at the head end of the motor can be calculated.
The noise level has a scaling effect on the pressure oscillations.
Conversely, if the amplitude of pressure oscillations versus
frequency is known, then the response functions can be estimated at
any frequency. A preliminary sensitivity study was performed to
asses the method’s capabilities. Uncertainty associated with the
inferred values of Rp are to be evaluated.
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